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Abstract 

We give new existence conditions of solutions for Duffing equations at resonance 
using some results in [2]. 

1. Introduction and Main Results 

Consider the BVP at resonance 

( ) ( ) ,0,,22 =++π+′′ xthxtgxkx   (1.1) 

( ) ( ),100 xx ==   (1.2) 
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where :, hg [ ] RR →×1,0  are Caratheodory functions, k is a fixed 

natural number. There exists [ ]1,0∞∈ Lh  such that 

( ) ( ) [ ] .xtthxth R∈∈≤ ,1,0a.e.for,,   (1.3) 

And we will use the following conditions: 

( )1L  There exists a constant 00 >r  and [ ]1,0∞∈ Lq  such that 

( ) ( ),,suplim tqxxtg
x

≤
∞→

 (1.4) 

uniformly for a.e. [ ],1,0∈t  and 

( ) [ ].1,0a.e.,for0, 0 ∈≥≥ trxxxtg   (1.5) 

( )2L  

( ) ( ) ( ) ( ) ,0
00

>+ −
<

+
> ∫∫ dttvtfdttvtf

vv
  (1.6) 

where [ ] ( ) ( ) ( ) ==+=∈π±= −+∞→+ tfxtftfhgfttkv
x

,,inflim,,1,0,sin  

( ).,suplim xtf
x −∞→

 

As in [2], we write ( )( ),,0,1,0,1 π∈ nHb  if and only if the problem 

( ) ,0=+′′ xtbx   (1.7) 

( ) ( )100 xx ==  

has a nontrivial solution with exactly n zeros on ( ).1,0  The main result of 
this paper is the following: 

Theorem 1. Assume that [ ] RR →×1,0:, hg  are Caratheodory 

functions such that conditions (1.3), ( ),L1  and ( )2L  are valid. Then (1.1-

1.2) has at least one solution provided that 

kqqk <+π22   (1.8) 

for some ( )( ).,0,1,0,1 π∈ kk Hq  
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This result is inspired and improves by Kuo [5], who showed by 
making use of a Lyapunov type inequality and the well-known Leray-
Schauder continuation method, that (1.1-1.2) has at least one solution if 
(1.3), ( ),L1  and ( )2L  are satisfied and 

( ) ( ) ( ) .12tan12
1

0 +
ππ+<∫ kkkdttq   (1.9) 

We will show that (1.9) is a special case of (1.8). In fact, we prove that if 

( ) ( ) ( )
( ) ,12
1tan12, 221

0
22

+
−π+

++π−<π−≥ ∫ k
AkkAkAdttqkAq   

(1.10) 

where ( ( ) ),1, 2222 π+π∈ kkA  then (1.8) is satisfied. And (1.9) is a 

special case of (1.10) as .022 +π→ kA  Moreover, some sufficient 

conditions of Theorem 1 will be given such that ( )dttq∫
1
0

 could be large 

enough with k fixed, and hence they could be applied to some new cases. 

We finally emphasize that condition (1.8) is not only a sufficient one 
but also a necessary one, that is, for g, h satisfying (1.3), ( ),L1  and ( )2L  
(1.1-1.2) has at least one solution, if and only if (1.8) is satisfied. In 
addition, condition (1.8) is not more difficult to verify than (1.9). In fact, 
we only need to estimate the value at 1=t  of the unique solution of the 
problem (2.1-2.2) in the next section. 

2. Proof of Theorem 1 

In this section, we will finish the proof of Theorem 1. To this end for 

[ ]1,0∞∈ Lb  we consider the initial value problem 

( ) ,sincos 22 φ+φ=φ′ tb   (2.1) 

( ) .00 =φ   (2.2) 

Denote the unique solution of (2.1-2.2) by ( )., btφ=φ  
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Lemma 1. ( )( ),,0,1,0,1 π∈ nHb  if and only if ( ) ( ) .1,1 π+=φ nb  

Proof. Refer to [4, Chapter 11, Lemma 3.1]. 

Lemma 2. Assume that { } [ ] [ ]1,0,1,0 ∞∞ ∈⊂ LQLqn  are such that 

( ) ( )tQtqn ≤  for a.e. [ ] ,,3,2,1,1,0 =∈ nt  and ( ) ( )tqtqn →  for a.e. 

[ ].1,0∈t  Then ( ) ( )qtqt n ,, φ→φ  uniformly for [ ].1,0∈t  

Proof. Refer to [4, p.4, Theorem 2.4]. 

Lemma 3. Assume that [ ]1,0, 21
∞∈ Lqq  are such that .21 qq ≤  Then 

( ) ( )21 ,, qtqt φ≤φ  for [ ].1,0∈t  In addition, assume that .21 qq <  Then 

we have ( ) ( ).,1,1 21 qq φ<φ  

Proof. Refer to [4, Corollary 4.2] or [2, Lemma 5]. 

Remark 1. From Lemmas 1, 3, and [4, Chapter 8, Theorem 2.1] it 
follows that (1.8) is equivalent to 

( ) ( ) .1,1 22 π+<π+φ kkq  

Lemma 4. Assume that (1.8) is satisfied with .0≥q  Then there exists 

0>  such that for every [ ]1,0∞∈ Lb  with +π+<<π 2222 kqbk ,2  

(1.7-1.2) has only the trivial solution. 

Proof. By Lemmas 1, 3, and condition (1.8), we have 

( ) ( ) ( ) .1,1,1 22 π+=φ<+πφ kqqk k  

From Lemma 2 there exists 0>  such that 

( ) ( ) .12,1 22 π+<++πφ kqk   

Therefore, for every [ ]1,0∞∈ Lb  with ,22222 ++π<<π qkbk  we have 

from Lemmas 1, 3 that 

( ) ( ) ( ) ( ) .12,1,1,1 2222 π+<++πφ<φ<πφ=π kqkbkk   

And hence, the conclusion follows from Lemma 1. ■ 
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Lemma 5. Assume that { } [ ] ( ) ( 11,2
0 sin,1,0 inCtktyWy nn π→⊂       

[ ]).1,0  Then there exists { } [ ],1,01,2
0Wun ⊂  such that ( ) tktun π→ sin  in 

[ ],1,01C  

( ) ( ) 0≥tytu nn  for [ ],1,0∈t  n large enough, 

and 

( ) [ ( ) ( )] ,0221

0
=π+′′∫ dttyktytu nnn  n large enough. 

Proof. Directly follows from [1, pages 412-413]. 

Proof of Theorem 1. In view of the Leray-Schauder principle, we 
only need to show that the possible solutions of the following auxiliary 
problem are a priori bounded: 

( ) ( ) ( )[ ] ( ),1,0,0,,122 ∈λ=+λ−+λ+π+′′ xthxtgxxkx   

( ) ( ).100 xx ==  

By contradiction, suppose that { } [ ]1,01,2
0Wxn ⊂  with { }nnx λ+∞→ ,1  

( )1,0⊂  are such that 

( ) ( ) ( )[ ] ,0,,122 =+λ−+λ+π+′′ nnnnn xthxtgxxkx    (2.3) 

( ) ( ).100 nn xx ==   (2.4) 

From ( )1L  there exists 01 rr ≥  such that 

( ) ( ) +≤ tqxxtg ,   (2.5) 

for a.e. ( ) R∈∈ xt ,1,0  with .1rx ≥  

Set 

  ( ) ( ) ,1nnn xtxty =   (2.6) 

( ) ( ( )) ( ) ( ) 1as, rtxtxtxtgt nnnn ≥=µ   (2.7) 
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( ) ,as0 1rtxn <=   (2.8) 

and 

( ) ( ( )) ( ( )) ( ).,, ttxthtxtgth nnnn µ−+=  

From (1.3) and (2.5) we have 

,0 +≤µ≤ qn   (2.9) 

( ) ( ) ( ) ,,3,2,1,1,0a.e.for =∈≤ ntththn   (2.10) 

where [ ],1,01Lh ∈  and (2.3-2.4) is equivalent to 

( ) ( ) ( ) ( ) ,011 1
1

22 =λ−+µλ−+λ+π+′′ − thxytyyky nnnnnnnnnn   (2.11) 

( ) ( ).100 nn yy ==   (2.12) 

By (2.6-2.7), [3, Theorem 8.8] and Ascoli-Arzela’s theorem, we can assume 

by going to subsequence if necessary that 0µµ n  in [ ]1,0∞L  with 

00 ,0 yyq n →+≤µ≤   in [ ]1,01C  and [ ].1,00 ∈λ→λn  Integrating 

(2.8) over [0, t] for every ( ]1,0∈t  and taking the limit as ,∞→n  we 

have 

[ ( ) ( )] ,01 0000
22

0 =µλ−+λ+π+′′ ytky   

( ) ( ).100 00 yy ==  

From Lemma 3 we have that ,0,0 00 =µ=λ  and 

,00
22

0 =π+′′ yky  

( ) ( ).100 00 yy ==  

Since 0yyn →  by Lemma 5 there exists nu  such that 0yun →  in 

[ ] ( ) ( ) 0,1,01 ≥tytuC nn  for [ ],1,0∈t  n large enough and 

( ) [ ( ) ( )] ,0221

0
=π+′′∫ dttyktytu nnn  n large enough. 



SOLVABILITY OF DUFFING EQUATIONS AT RESONANCE 247

Noticing that ,hgf +=  from (2.3) and ( )2L  we have 

( ( )) ( ) [ ( ( )) ( ( ))] ( ) ndttutxthtxtgdttutxtf nnnnn ,0,,,
1

0

1

0
≤+= ∫∫  

large enough. 

In view of (1.3-1.4) there exists [ ]1,01LF ∈  such that 

( ( )) ( ),, tFtxtf n ≥  for a.e. [ ],1,0∈t  n large enough. 

Using Fatou’s lemma, we have 

( ) ( ) ( ) ( ) ( ( )) ( ) ,0,inflim
1

0
0

0
0

0 00
≤≤+ ∫∫∫ ∞→−

<
+

>
dttutxtfdttytfdttytf nnnyy

 

a contradiction to (1.6). The proof is complete.  ■ 

3. Examples 

In this section, we will give some applications of Theorem 1. 

Proposition 1. Assume that { } [ ]1,02
0 ⊂=

n
iit  with <<= 100 tt  

.12 =< nt  Set 

( )
( )

( ) .2,,2,1,,
4

12
1

2
nitttas

tt
tq ii

ii
=∈

−

π= −
−

 

Then ( )( ).,1,0,11 π∈ −nHq  

Proof. When 1=n  let 

( ) ( )
( ) [ ]10

01
0 ,for2sin ttttt

tttu ∈
−
−π

=   (3.1) 

 ( )
( ) [ ],,for2cos 21

12
1 ttttt
tt

∈
−
−π

=   (3.2) 

and when ,2≥n  let 

( ) ( )
( ) [ ]10

01
0 ,for2sin ttttt

tttu ∈
−
−π

=  
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( )
( ) [ ]21

12
1 ,for2cos ttttt

tt
∈

−
−π

=  

( ) ( ) [ ],,for22sin 122
212

2

122
212

1
+

+−

+

=

∈
−

−
+π

−
−

= ∏ jj
jj

j

ii
ii

j

i
ttttt

tt
jtt

tt  

( ) ( ) [ ],,for22cos 2212
1222

12

122
212

1
++

++

+

−

+

=

∈
−

−
+π

−
−

= ∏ jj
jj

j

ii
ii

j

i
ttttt

tt
jtt

tt  

.1,,2,1 −= nj  

It is easy to verify that u  has n−1 zeros on ( )1,0  and 

( ) ( ) ( ) ( ) .12,,2,1,,for0 1 −=∈=+′′ + nittttutqtu ii  

( ) ( ) .010 == uu  

Therefore, ( )( ).,1,0,11 π∈ −nHq  

Remark 2. It is easily seen that 

( ) ( ) .0as1
4

1
1

1

2

1

2

1

1

0
+

−=

→+∞→>π
−

= ∑∫ ttttdttq
ii

n

i
 

Therefore, we could give some new existence results for (1.1-1.2) 
compared with (1.9). 

Proposition 2. Assume that [ ]1,0∞∈ Lq  satisfies (1.10) for some 

constant ( ( ) ).1, 2222 π+π∈ kkA  Then q satisfies (1.8) for some ∈kq  

( )( ).,0,1,0,1 πkH  

Proof. From [6, Theorem 1.3], if q satisfies (1.10), then (1.7-1.2) has 

only the trivial solution for [ ]1,0∞∈ Lb  with .22 qkbA +π≤≤  Since 

( ( ) ),1, 2222 π+π∈ kkA  we have ( ) ( )( ).1,,1 π+π∈φ kkA  By Lemmas 1-3, 

we have that ( ) ( ) .1,1 22 π+<+πφ kqk  The proof is complete. ■ 
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Remark 3. Let ( ) ( ) ( )
( ) .12
1tan1222

+
−π+

++π−=/ k
AkkAkAAv  

We have for 22π> kA  that 

( ) ( ) ( ) ( ) .12tan1222
+
ππ+=π/>/ kkkkvAv  

Therefore, if (1.9) is valid, then there exists 0>  such that 

[ ( ) ] ( ) ( ).22221

0
π+/<π/<+∫ kvkvdttq   

That is, (1.10) is satisfied. And hence (1.9) is a special case of (1.8). 
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